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ON DAUGAVET INDICES OF THICKNESS
RAINIS HALLER, JOHANN LANGEMETS, VEGARD LIMA, AND RIHHARD
NADEL
Abstract. Inspired by R. Whitley’s thickness index A. Rueda
Zoca recently introduced the Daugavet index of thickness of Ba-
nach spaces. We continue the investigation of the behavior of this
index and also consider two new versions of the Daugavet index of
thickness, which helps us solve an open problem posed by Rueda
Zoca. Moreover, we will improve the formerly known estimates of
the behavior of Daugavet index on direct sums of Banach spaces
by establishing sharp bounds.
1. Introduction
Let X be a real Banach space. To measure quantitatively how far
X is from having the Daugavet property, Rueda Zoca in [Rue18] intro-
duced a parameter T (X), called the Daugavet index of thickness of X
(for the regular index of thickness see [Whi68]), where
T (X) = inf
{
r > 0
∣∣∣∣ there exist x ∈ SX and a relatively weaklyopen W in BX such that ∅ 6=W ⊂ B(x, r)
}
.
Notice that 0 ≤ T (X) ≤ 2 for any Banach space X and, for example,
T (ℓ1) = 0, T (c0) = T (ℓ∞) = 1, and T (C[0, 1]) = 2 [Rue18, Example
4.3]. In fact, T (X) = 2 holds if and only if X has the Daugavet
property [Shv00, Lemmata 2 and 3]. Clearly, T (X) = 0 for X with
the Radon–Nikody´m property. The converse does not hold in general,
because there exists a Banach space X , where every slice of BX has
diameter two (and therefore X does not have the Radon–Nikody´m
property), but with arbitrarily small nonempty relatively weakly open
subsets of BX (hence T (X) = 0) [BLR15a, Theorem 2.4].
Clearly, a slice of the unit ball is relatively weakly open. On the other
hand, by Bourgain’s lemma [GGMS87, Lemma II.1], every nonempty
relatively weakly open subset of the unit ball contains a convex com-
bination of slices. Moreover, there exists a Banach space such that
every nonempty relatively weakly open subset has diameter two, but
it also contains convex combination of slices with arbitrarily small di-
ameter [BLR15b, Theorem 2.5].
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The previous two examples motivate us to study further the index
T (·) and to introduce two new related Daugavet indices, which are in
general not equal:
T s(X) = inf
{
r > 0
∣∣∣∣ there exist x ∈ SX and a slice S of BXsuch that S ⊂ B(x, r)
}
and
T cc(X) = inf

r > 0
∣∣∣∣∣∣
there exist x ∈ SX and a convex
combination C of relatively weakly open
subsets of BX such that ∅ 6= C ⊂ B(x, r)

 .
Remark 1.1. If one replaces relatively weakly open subsets of BX in
the definition of T cc(X) with slices of BX , then, by Bourgain’s lemma,
the index remains unchanged.
Observe that
0 ≤ T cc(X) ≤ T (X) ≤ T s(X) ≤ 2.
Moreover, if in a Banach space X every slice (respectively, nonempty
relatively weakly open subset; convex combination of nonempty rela-
tively weakly open subsets) of BX has diameter two, then T
s(X) ≥ 1
(respectively, T (X) ≥ 1; T cc(X) ≥ 1). We do not know whether the
converses hold (see Question 3.5).
It is known that T cc(X) = T (X) = T s(X) = 2 if and only if X has
the Daugavet property. This is immediate from the following result.
Proposition 1.2 (see [Shv00, Lemmata 2 and 3]). Let X be a Banach
space. The following assertions are equivalent:
(i) X has the Daugavet property;
(ii) For every x ∈ SX , every ε > 0, and every slice S of BX there
exists y ∈ S such that ‖x− y‖ ≥ 2− ε;
(iii) For every x ∈ SX , every ε > 0, and every nonempty relatively
weakly open subset W of BX there exists y ∈ W such that ‖x−
y‖ ≥ 2− ε;
(iv) For every ε > 0, every x ∈ SX and every convex combination C
of nonempty relatively weakly open subsets of BX , there exists
y ∈ C such that ‖x− y‖ > 2− ε.
Of course, in general one has
T s(X) ≤ inf
{
r > 0
∣∣∣∣ there exist a slice S of BX and x ∈ S ∩ SXsuch that S ⊂ B(x, r)
}
and
T (X) ≤ inf
{
r > 0
∣∣∣∣ there exist a relatively weakly open W in BXand x ∈ W ∩ SX such that W ⊂ B(x, r)
}
.
However, notice that both of these inequalities can be strict. This
happens for Banach spacesX with the diametral diameter two property
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(see the definition in [BLR18]) but without the Daugavet property. For
example, with X = C[0, 1] ⊕2 C[0, 1], one has T (X) ≤ T
s(X) < 2,
whereas both of the above right hand side infimums are 2.
In Section 2 we carry out a systematic study of Daugavet indices of
thickness in direct sums of Banach spaces. We establish sharp bounds
on all of the indices in ℓp-sums (see Theorem 2.6), which improve the
known upper estimates from [Rue18]. As an application, we are able
to prove that for each r ∈ {0} ∪ [1, 2] there exists a Banach space X
such that T s(X) = T (X) = T cc(X) = r (see Corollary 2.7).
In Section 3 we answer negatively to a question posed by Rueda Zoca
in [Rue18, Problem 5.3]. Also, we will discuss the relation of T s(·)
between isomorphic Banach spaces (see Proposition 3.3), which is then
applied to prove that the Daugavet property is closed with respect to
the Banach–Mazur distance. The paper ends with some concluding
remarks and questions suggested by the current work.
All Banach spaces considered in this paper are nontrivial and over
the real field. The closed unit ball of a Banach space X is denoted by
BX and its unit sphere by SX . The dual space of X is denoted by X
∗
and the bidual by X∗∗.
By a slice of BX we mean a set of the form
S(BX , x
∗, α) := {x ∈ BX : x
∗(x) > 1− α},
where x∗ ∈ SX∗ and α > 0. A finite convex combination of slices is
then of the form
n∑
i=1
λiS(BX , x
∗
i , αi),
where n ∈ N and λi ∈ [0, 1] such that
∑n
i=1 λi = 1.
We recall that a norm N on R2 is called absolute (see [BD73]) if
N(a, b) = N(|a|, |b|) for all (a, b) ∈ R2
and normalized if
N(1, 0) = N(0, 1) = 1.
For example, the ℓp-norm ‖ · ‖p is absolute and normalized for every
p ∈ [1,∞]. If N is an absolute normalized norm on R2 (see [BD73,
Lemmata 21.1 and 21.2]), then
• ‖(a, b)‖∞ ≤ N(a, b) ≤ ‖(a, b)‖1 for all (a, b) ∈ R
2;
• if (a, b), (c, d) ∈ R2 with |a| ≤ |c| and |b| ≤ |d|, then
N(a, b) ≤ N(c, d);
• the dual norm N∗ on R2 defined by
N∗(c, d) = max
N(a,b)≤1
(|ac|+ |bd|) for all (c, d) ∈ R2
is also absolute and normalized. Note that (N∗)∗ = N .
3
If X and Y are Banach spaces and N is an absolute normalized norm
on R2, then we denote by X⊕N Y the product space X×Y with respect
to the norm
‖(x, y)‖N = N(‖x‖, ‖y‖) for all x ∈ X and y ∈ Y .
In the special case where N is the ℓp-norm, we write X ⊕p Y . Note
that (X ⊕N Y )
∗ = X∗ ⊕N∗ Y
∗.
2. Daugavet indices in direct sums
We start by recalling a result for the index T (·) from [Rue18].
Proposition 2.1 (see [Rue18, Proposition 4.5]). Let X and Y be Ba-
nach spaces. Then
(a) T (X ⊕1 Y ) ≤ min{T (X), T (Y )};
(b) T (X ⊕p Y ) ≤ (
(21/p+1)p
2
)1/p for every 1 < p <∞;
(c) T (X⊕∞Y ) ≥ min{T (X), T (Y )}, where equality holds if T (X⊕∞
Y ) > 1.
Now we provide a lower estimate for T (X ⊕p Y ), where 1 < p <∞.
Proposition 2.2. Let X and Y be Banach spaces, N be an absolute
normalized norm on R2, and γ > 0 is such that N(·) ≥ γ‖ · ‖1. Then
(a) T s(X ⊕N Y ) ≥ 2γ
(
min{T s(X), T s(Y )} − 1
)
;
(b) T (X ⊕N Y ) ≥ 2γ
(
min{T (X), T (Y )} − 1
)
;
(c) T cc(X ⊕N Y ) ≥ 2γ
(
min{T cc(X), T cc(Y )} − 1
)
.
In particular, T (X ⊕p Y ) ≥ 2
1/p
(
min{T (X), T (Y )} − 1
)
whenever
1 < p <∞.
Proof. We will only prove (b), because the proofs of (a) and (c) are
very similar.
(b). Without loss of generality we assume that min{T (X), T (Y )} >
1 otherwise the lower bound trivially holds. Let ε > 0 be such that
min{T (X), T (Y )} > 1 + ε. Denote by Z := X ⊕N Y . Let (x˜, y˜) ∈ SZ
and let W be a nonempty relatively weakly open subset of BZ .
Without loss of generality we may assume that
W = {z ∈ BZ : |z
∗
i (z)− z
∗
i (z0)| < 1, i ∈ {1, . . . , n}},
for some z∗i = (x
∗
i , y
∗
i ) ∈ Z
∗ and z0 = (x0, y0) ∈ SZ .
Define now
U :=


{x ∈ BX : |x
∗
i (x)− x
∗
i (
x0
‖x0‖
)| <
1
2‖x0‖
, i ∈ {1, . . . , n}}, if x0 6= 0,
{x ∈ BX : |x
∗
i (x)| <
1
2
, i ∈ {1, . . . , n}}, if x0 = 0,
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and
V :=


{y ∈ BY : |y
∗
i (y)− y
∗
i (
y0
‖y0‖
)| <
1
2‖y0‖
, i ∈ {1, . . . , n}}, if y0 6= 0,
{y ∈ BY : |y
∗
i (y)| <
1
2
, i ∈ {1, . . . , n}}, if y0 = 0.
From now on we will distinguish two cases.
Case 1: Assume first that x˜ 6= 0 and y˜ 6= 0. Due to the definition of
the Daugavet index we can find u ∈ U and v ∈ V such that ‖ x˜
‖x˜‖
−u‖ ≥
T (X)− ε/2 and ‖ y˜
‖y˜‖
− v‖ ≥ T (Y )− ε/2.
Claim. If two elements e and e˜ in the unit ball of a Banach space E
satisfy that ‖e+e˜‖ ≥ 1+α for some α ∈ [0, 1], then ‖λe+µe˜‖ ≥ (λ+µ)α
for all λ, µ ≥ 0. Indeed, the claim follows from the inequalities
(λ+ µ)(1 + α) ≤ (λ+ µ)‖e+ e˜‖ ≤ ‖λe+ µe˜‖+ λ+ µ.
Since
T (X)− ε/2 = 1 + (T (X)− 1− ε/2) > 1 + ε/2,
we can apply the Claim above and get that
‖x˜− ‖x0‖u‖ ≥ (‖x˜‖+ ‖x0‖)(T (X)− 1− ε/2).
Similarly, one obtains ‖y˜ − ‖y0‖v‖ ≥ (‖y˜‖+ ‖y0‖)(T (Y )− 1− ε/2).
Observe that (‖x0‖u, ‖y0‖v) ∈ W and
‖(x˜, y˜)− (‖x0‖u, ‖y0‖v)‖N = N
(
‖x˜− ‖x0‖u‖, ‖y˜ − ‖y0‖v‖
)
≥ N
(
(‖x˜‖+ ‖x0‖)(T (X)− 1− ε/2),
(‖y˜‖+ ‖y0‖)(T (Y )− 1− ε/2)
)
≥ N
(
‖x˜‖+ ‖x0‖, ‖y˜‖+ ‖y0‖
)
(min{T (X), T (Y )} − 1− ε/2)
≥ γ(‖x˜‖+ ‖y˜‖+ ‖x0‖+ ‖y0‖)(min{T (X), T (Y )} − 1− ε/2)
≥ 2γ(min{T (X), T (Y )} − 1− ε/2).
Hence, by the arbitrariness of ε, we conclude that T (X ⊕N Y ) ≥
2γ(min{T (X), T (Y )} − 1).
Case 2: Assume now that y˜ = 0, hence ‖x˜‖ = 1 (the case when
x˜ = 0 follows similarly). Now we can find u ∈ U such that ‖x˜− u‖ ≥
T (X)− ε/2 and let v ∈ V ∩ SY . Again, note that (‖x0‖u, ‖y0‖v) ∈ W
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and
‖(x˜, 0)− (‖x0‖u, ‖y0‖v)‖N = N
(
‖x˜− ‖x0‖u‖, ‖y0‖
)
≥ N
(
(1 + ‖x0‖)(T (X)− 1− ε/2), ‖y0‖
)
≥ N
(
1 + ‖x0‖,
‖y0‖
(T (X)− 1− ε/2)
)
(T (X)− 1− ε/2)
≥ γ(1 + ‖x0‖+ ‖y0‖)(T (X)− 1− ε/2)
≥ 2γ(T (X)− 1− ε/2),
Again, by the arbitrariness of ε, we conclude that T (X ⊕N Y ) ≥
2γ(min{T (X), T (Y )} − 1). 
Remark 2.3. With almost identical proof one can generalize Propo-
sition 2.2 to a finite direct sum of Banach spaces equipped with an
absolute norm and the estimates will remain the same.
We now turn our attention to the upper estimate of these Daugavet
indices of thickness.
Proposition 2.4. Let X and Y be Banach spaces, N be an absolute
normalized norm on R2, and Γ > 0 is such that N(·) ≤ Γ‖ · ‖∞. If
(1, 0) or (0, 1) is an extreme point of B(R2,N), then T
s(X ⊕N Y ) ≤ Γ.
In particular, T s(X ⊕p Y ) ≤ 2
1/p whenever 1 < p <∞.
Proof. Denote by Z := X ⊕N Y and let ε > 0, x ∈ SX and y ∈ SY .
Assume that e = (0, 1) is an extreme point of B(R2,N) (the proof for
the other case is similar). Then e is actually a strongly exposed point
which allows us to fix a δ > 0 such that, whenever (a, b) ∈ B(R2,N)
and b > 1 − δ, then |a| < ε. Find y∗ ∈ SY ∗ with y
∗(y) = 1. If
(u, v) ∈ S(BZ , (0, y
∗)), δ), then ‖v‖ ≥ y∗(v) > 1−δ. By our assumption
‖u‖ < ε. Therefore
‖(u, v)− (x, 0)‖N = N
(
‖u− x‖, ‖v‖
)
≤ N
(
1 + ‖u‖, ‖v‖
)
≤ (1 + ‖u‖)N(1, 1)
≤ Γ(1 + ε).
Since ε > 0 was arbitrary we get T s(Z) ≤ Γ. 
Remark 2.5. One can also generalize Proposition 2.4 to a finite direct
sum of Banach spaces equipped with an absolute norm and the estimate
will remain the same.
Since T (·) ≤ T s(·), then the obtained upper bound from Proposi-
tion 2.4 improves the previously known estimate from Proposition 2.1 (b)
by Rueda Zoca. Moreover, from Proposition 2.2 we know that this es-
timate is sharp. We summarize this in the following result.
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Theorem 2.6. Let X and Y be Banach spaces and 1 < p < ∞. If X
and Y both have the Daugavet property, then T s(X ⊕p Y ) = T (X ⊕p
Y ) = T cc(X ⊕p Y ) = 2
1/p.
Proof. Since X and Y have the Daugavet property, then T cc(X) =
T cc(Y ) = 2 by Proposition 1.2. From Proposition 2.2 we get that
T cc(X⊕pY ) ≥ 2
1/p and by Proposition 2.4 we have that T s(X⊕pY ) ≤
21/p, therefore
21/p ≤ T cc(X ⊕p Y ) ≤ T (X ⊕p Y ) ≤ T
s(X ⊕p Y ) ≤ 2
1/p,
which completes the proof. 
As a consequence of Theorem 2.6, we get that for each r ∈ [1, 2]
there exists a Banach space X such that T (X) = r. We do not know
whether for each r ∈ (0, 1) there exists a Banach space X such that
T s(X) = r, T (X) = r or T cc(X) = r (see Question 3.7).
Corollary 2.7. For each r ∈ {0} ∪ [1, 2] there exists a Banach space
X such that T s(X) = T (X) = T cc(X) = r.
Proof. If r equals 0, 1 or 2, then take X to be ℓ1, c0 or C[0, 1], respec-
tively. If r ∈ (1, 2), then there exists a p ∈ (1,∞) such that r = 21/p
and apply Theorem 2.6 to X = C[0, 1]⊕p C[0, 1]. 
In Proposition 2.1 (a), it seems to be unknown whether the inequality
can be strict (see Question 3.6). However, for the index T s(·), we
always have equality.
Proposition 2.8. Let X and Y be Banach spaces. Then
(a) T s(X ⊕1 Y ) = min{T
s(X), T s(Y )};
(b) T s(X ⊕p Y ) ≤ 2
1/p for every 1 < p <∞;
(c) T s(X ⊕∞ Y ) ≥ min{T
s(X), T s(Y )}, where equality holds if
T s(X ⊕∞ Y ) > 1.
Proof. (a). Let us first show that T s(X ⊕1 Y ) ≥ min{T
s(X), T s(Y )}.
Set Z := X⊕1Y and let S(BZ , (x
∗, y∗), α) be a slice of BZ , (x, y) ∈ SZ ,
and ε > 0.
Without loss of generality suppose that ‖x∗‖ = 1. Thus we have two
cases either x = 0 or x 6= 0.
Case 1: Assume first that x = 0, hence ‖y‖ = 1. Now find an element
u ∈ SX such that x
∗(u) > 1−α. Observe that (u, 0) ∈ S(BZ , (x
∗, y∗), α)
and
‖(u, 0)− (0, y)‖ = 2 ≥ T s(X).
Case 2: Assume now that x 6= 0. Consider the slice S(BX , x
∗, α) and
x
‖x‖
∈ SX . Find an u ∈ S(BX , x
∗, α) such that ‖ x
‖x‖
− u‖ ≥ T s(X)− ε.
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Now (u, 0) ∈ S(BZ , (x
∗, y∗), α) and
‖(x, y)− (u, 0)‖ = ‖x− u‖+ ‖y‖
≥ ‖
x
‖x‖
− u‖ − ‖
x
‖x‖
− x‖ + ‖y‖
≥ T s(X)− ε− (1− ‖x‖) + ‖y‖
= T s(X)− ε.
Therefore, T s(X ⊕1 Y ) ≥ min{T
s(X), T s(Y )}.
The proof of T s(X ⊕1 Y ) ≤ min{T
s(X), T s(Y )} is the same as the
proof of [Rue18, Proposition 4.5 (2)], except with m = 1.
(b). This follows immediately from Proposition 2.4.
(c). Let us first show that T s(X ⊕∞ Y ) ≥ min{T
s(X), T s(Y )}.
Denote by Z := X ⊕∞ Y . Let S(BZ , (x
∗, y∗), α) be a slice of BZ ,
(x, y) ∈ SZ , and ε > 0.
Define
SX :=


S(BX ,
x∗
‖x∗‖
, α), if x∗ 6= 0,
BX , if x
∗ = 0,
and
SY :=


S(BY ,
y∗
‖y∗‖
, α), if y∗ 6= 0,
BY , if y
∗ = 0.
Observe that SX × SY ⊂ S(BZ , (x
∗, y∗), α). Since max{‖x‖, ‖y‖} =
1, we will suppose from now on that ‖x‖ = 1. Hence there exists an
x0 ∈ S
X such that ‖x0 − x‖ > T
s(X) − ε. Let y0 ∈ S
Y be arbitrary.
We have that
‖(x0, y0)− (x, y)‖ = max{‖x0 − x‖, ‖y0 − y‖} ≥ T
s(X)− ε.
The case when ‖y‖ = 1 is similar. Therefore, by the arbitrariness of ε,
we see that T s(X ⊕∞ Y ) ≥ min{T
s(X), T s(Y )}.
Assume now that T s(X ⊕∞ Y ) > 1 and let us show that then
T s(X⊕∞Y ) ≤ min{T
s(X), T s(Y )}. Pick an ε > 0 such that T s(X⊕∞
Y ) − ε > 1. Let x ∈ SX and S(BX , x
∗, α) be a slice of BX . Observe
that S(BZ , (x
∗, 0), α) is a slice of BZ and (x, 0) ∈ SZ . Thus there is an
element (u, v) ∈ S(BZ , (x
∗, 0), α) such that
1 < T s(X ⊕∞ Y )− ε ≤ ‖(x, 0)− (u, v)‖ = max{‖x− u‖, ‖v‖}.
Since ‖v‖ ≤ 1, then we must have that ‖x − u‖ ≥ T s(X ⊕∞ Y ) −
ε. Notice that u ∈ S(BX , x
∗, α), hence T s(X) ≥ T s(X ⊕∞ Y ) − ε.
Finally, by the arbitrariness of ε, we conclude that T s(X ⊕∞ Y ) ≤
min{T s(X), T s(Y )}. 
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Remark 2.9. The inequality in Proposition 2.8 (c) can be strict if we
remove the assumption on T s(X⊕∞Y ). Indeed, letX = c0 and Y = R,
then X ⊕∞ Y is isometrically isomorphic to c0 and
T s(X ⊕∞ Y ) = 1 > 0 = T
s(R) = min{T s(X), T s(Y )}.
We end this section by studying the index T cc(·) in ℓp-sums.
Proposition 2.10. Let X and Y be Banach spaces. Then
(a) T cc(X ⊕1 Y ) ≤ min{T
cc(X), T cc(Y )};
(b) T cc(X ⊕p Y ) ≤ 2
1/p for every 1 < p <∞;
(c) T cc(X ⊕∞ Y ) ≥ min{T
cc(X), T cc(Y )}, where equality holds if
T cc(X ⊕∞ Y ) > 1.
Proof. (a). Let ε > 0, and assume without loss of generality that
min{T cc(X), T cc(Y )} = T cc(X). Find a convex combination of slices∑n
i=1 λiS(BX , x
∗
i , α) of BX and an x ∈ SX such that
n∑
i=1
λiS(BX , x
∗
i , α) ⊂ B(x, T
cc(X) + ε).
Let δ ∈ (0, α) and set Z := X ⊕1 Y . Observe that
S(BZ , (x
∗
i , 0), δ) ⊂ S(BX , x
∗
i , α)× δBY
for every i ∈ {1, . . . , n}. Therefore,
n∑
i=1
λiS(BZ , (x
∗
i , 0), δ) ⊂
n∑
i=1
λiS(BX , x
∗
i , α)× δBY
⊂ B(x, T cc(X) + ε)× δBY
⊂ B((x, 0), T cc(X) + ε+ δ).
Since ε and δ can be chosen to be arbitrarily small, we have that
T cc(X ⊕1 Y ) ≤ min{T
cc(X), T cc(Y )}.
(b). This follows immediately from the inequality T cc(·) ≤ T s(·) and
Proposition 2.8 (b).
(c). Let us first show that T cc(X ⊕∞ Y ) ≥ min{T
cc(X), T cc(Y )}.
Denote by Z := X ⊕∞ Y . Let n ∈ N, for every i ∈ {1, . . . , n} let
S(BZ , (x
∗
i , y
∗
i ), α) be slices of BZ , λi > 0 with
∑n
i=1 λi = 1, (x, y) ∈ SZ ,
and ε > 0. Denote by S :=
∑n
i=1 λiS(BZ , (x
∗
i , y
∗
i ), α).
Define
SXi :=


S(BX ,
x∗i
‖x∗i ‖
, α), if x∗i 6= 0,
BX , if x
∗
i = 0,
and
SYi :=


S(BY ,
y∗i
‖y∗i ‖
, α), if y∗i 6= 0,
BY , if y
∗
i = 0.
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Denote by SX :=
∑n
i=1 λiS
X
i and S
Y :=
∑n
i=1 λiS
Y
i . Notice that
SXi × S
Y
i ⊂ S(BZ , (x
∗
i , y
∗
i ), α) and that therefore S
X × SY ⊂ S. Since
max{‖x‖, ‖y‖} = 1, we will suppose from now on that ‖x‖ = 1. Hence
there exists an x0 ∈ S
X such that ‖x0− x‖ > T
cc(X)− ε. Let y0 ∈ S
Y
be arbitrary. We have that
‖(x0, y0)− (x, y)‖ = max{‖x0 − x‖, ‖y0 − y‖} ≥ T
cc(X)− ε.
The case when ‖y‖ = 1 is similar. Therefore, by the arbitrariness of ε,
we see that T cc(X ⊕∞ Y ) ≥ min{T
cc(X), T cc(Y )}.
Assume now that T cc(X ⊕∞ Y ) > 1 and let us show that then
T cc(X ⊕∞ Y ) ≤ min{T
cc(X), T cc(Y )}. Pick an ε > 0 such that
T cc(X ⊕∞ Y ) − ε > 1. Let x ∈ SX , S(BX , x
∗
i , α) be slices of BX ,
and λi > 0, such that
∑n
i=1 λi = 1. Observe that for each i we have
that S(BZ , (x
∗
i , 0), α) is a slice of BZ and (x, 0) ∈ SZ . Thus there is an
element (u, v) ∈
∑n
i=1 λiS(BZ , (x
∗
i , 0), α) such that
1 < T cc(X ⊕∞ Y )− ε ≤ ‖(x, 0)− (u, v)‖ = max{‖x− u‖, ‖v‖}.
Since ‖v‖ ≤ 1, then we must have that ‖x − u‖ ≥ T cc(X ⊕∞ Y ) − ε.
Notice that u ∈
∑n
i=1 λiS(BX , x
∗
i , α), hence T
cc(X) ≥ T cc(X⊕∞Y )−ε.
Finally, from the arbitrariness of ε, we conclude that T cc(X ⊕∞ Y ) ≤
min{T cc(X), T cc(Y )}. 
Remark 2.11. The same example as in Remark 2.9 shows that the
inequality in Proposition 2.10 (c) can be strict if we remove the as-
sumption on T cc(X ⊕∞ Y ).
3. Remarks and open questions
In a dual Banach space one can also consider the weak∗ versions of
the Daugavet indices of thickness. In [Rue18] the weak∗ version of T (·),
denoted by Tw∗(·), was introduced. For a Banach space X we will also
consider
T sw∗(X
∗) = inf
{
r > 0
∣∣∣∣ there exist x
∗ ∈ SX∗ and a weak
∗ slice
S of BX∗ such that S ⊂ B(x
∗, r)
}
and
T ccw∗(X
∗) = inf

r > 0
∣∣∣∣∣∣
there exist x∗ ∈ SX∗ and a convex
combination C of relatively weak∗ open
subsets of BX∗ such that ∅ 6= C ⊂ B(x
∗, r)

 .
Clearly, for any Banach space X we have that
(3.1) 0 ≤ T ccw∗(X
∗) ≤ Tw∗(X
∗) ≤ T sw∗(X
∗) ≤ 2,
and observe that
(3.2) max{T sw∗(X
∗∗), T s(X∗∗)} ≤ T s(X)
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and
(3.3) max{Tw∗(X
∗∗), T (X∗∗)} ≤ T (X),
and
(3.4) max{T ccw∗(X
∗∗), T cc(X∗∗)} ≤ T cc(X).
By considering the biduals of the Banach spaces which give us the
strict inequalities between the regular indices and taking into account
(3.2)–(3.4) one has that the inequalities in (3.1) can in general be strict.
In [Rue18, Problem 5.3] it is wondered whether the equality
(3.5)
inf
{
‖T + I‖
∣∣∣∣ T ∈ L(X), ‖T‖ = 1, andT is weakly compact
}
= max{T (X), Tw∗(X
∗)}
holds for every Banach space X? We will now show that equality (3.5)
does not hold in general. We begin by observing that the proof of
[Rue18, Proposition 4.4] actually shows that.
Proposition 3.1. Let X be a Banach space. Then, for every norm
one and weakly compact operator T : X → X, it follows that
‖T + I‖ ≥ max{T s(X), T sw∗(X
∗)}.
Now, by [BLR15a, Theorem 2.4], there exists an equivalent renorm-
ing Z of c0 such that all slices of BZ have diameter two and there are
relatively weakly open subsets of BZ with arbitrarily small diameter.
Then T s(Z) ≥ 1, but T (Z) = 0 = Tw∗(Z
∗). Therefore, the equal-
ity (3.5) fails for this Banach space Z.
Question 3.2. Does the equality
inf
{
‖T + I‖
∣∣∣∣ T ∈ L(X), ‖T‖ = 1,and T is weakly compact
}
= max{T s(X), T sw∗(X
∗)}
hold for every Banach space X?
Our next aim is to show that the Daugavet index T s(·) behaves nicely
with respect to the Banach–Mazur distance. Recall that this distance
between two isomorphic Banach spaces X and Y is defined by
d(X, Y ) := inf{‖L‖‖L−1‖ : L : X → Y is an isomorphism}.
Proposition 3.3. Let X be a Banach space and r ∈ [0, 2]. If for every
δ > 0 there exists a Banach space Y which is isomorphic to X such
that d(X, Y ) < 1 + δ with T s(Y ) = r, then T s(X) ≥ r.
Proof. Let S(BX , x
∗, α) be a slice of BX , x ∈ SX , and ε > 0. Let
δ ∈ (0,min{α, ε}).
Next find a Banach space Y with T s(Y ) = r such that d(X, Y ) <
1 + δ. Then there exist an isomorphism L : X → Y and such that
‖L‖ = 1 and ‖L−1‖ < 1 + δ.
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Consider now
y∗ :=
(L−1)∗x∗
‖(L−1)∗x∗‖
∈ SY ∗ and y :=
Lx
‖Lx‖
∈ SY .
Since T s(Y ) = r, we can find a v ∈ S(BY , y
∗, δ2) such that ‖v − y‖ ≥
r − ε. Denote by u := L
−1v
(1+δ)
and observe that u ∈ S(BX , x
∗, δ) ⊂
S(BX , x
∗, α). Our aim now is to show that ‖u− x‖ ≥ r − 3ε. Indeed,
r − ε ≤ ‖v −
Lx
‖Lx‖
‖ ≤ ‖L−1v −
x
‖Lx‖
‖
≤ ‖u− x‖ + ‖(1 + δ)u− u‖+ ‖x−
x
‖Lx‖
‖
≤ ‖u− x‖ + δ + δ
< ‖u− x‖+ 2ε.
Hence, ‖u− x‖ ≥ T s(Y )− 3ε and from the arbitrariness of ε, we have
T s(X) ≥ T s(Y ). 
An application of Proposition 3.3 together with Proposition 1.2 gives
us immediately that the class of Banach spaces with the Daugavet
property is closed with respect to the Banach–Mazur distance.
Corollary 3.4. Let X be a Banach space. If for every δ > 0 there
exists a Banach space Y which is isomorphic to X such that d(X, Y ) <
1 + δ and Y has the Daugavet property, then X also has the Daugavet
property.
We will finish this note with some open questions which are suggested
by the current work.
Recall that a Banach space X has the r-big slice property if every
slice of BX is of the radius one [Iva06]. Clearly, if every slice of BX
has diameter two, then X has the r-big slice property. However, the
converse seems to be unknown [Iva06, p. 96]. Observe that the r-big
slice property of a Banach space X implies that T s(X) ≥ 1. Hence, a
positive answer to Question 3.5 (a), would also solve Ivakhno’s ques-
tion.
Question 3.5.
(a) If T s(X) ≥ 1, then does every slice of BX has diameter two?
(b) If T (X) ≥ 1, then does every nonempty relatively weakly open
subset of BX have diameter two?
(c) If T cc(X) ≥ 1, then does every convex combination of slices of
BX have diameter two?
Recall that from Proposition 2.8 (a) we know that T s(X ⊕1 Y ) =
min{T s(X), T s(Y )} holds for all Banach spaces X and Y . However, we
do not know whether the corresponding equalities hold for the indices
T (·) and T cc(·) too.
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Question 3.6. Let X and Y be Banach spaces.
(a) T (X ⊕1 Y ) = min{T (X), T (Y )}?
(b) T cc(X ⊕1 Y ) = min{T
cc(X), T cc(Y )}?
In light of Corollary 2.7 it is natural to wonder:
Question 3.7. If r ∈ (0, 1) does there always exist a Banach space X
such that
(a) T s(X) = r?
(b) T (X) = r?
(c) T cc(X) = r?
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